More generally, for any such p, and any form q that is strictly positive on (R + ) n \ {0}, we show that the form p m q has strictly positive coefficients for all sufficiently large m. This result can be considered as a strict Positivstellensatz for forms relative to (R + ) n \ {0}. We give two proofs, one based on results of Handelman, the other on techniques from real algebra.
Introduction
Given polynomials p, q ∈ R[x] := R[x 1 , . . . , x n ] where all the coefficients of p are nonnegative, Handelman [8] gave a necessary and sufficient con- Theorem 1.1 can be derived from an isometric imbedding theorem for holomorphic bundles, due to Catlin-D'Angelo [5] . The argument is sketched in an appendix at the end of this paper. Another condition equivalent to each of the three conditions Theorem 1.1 was given by the second author and To in [19] . The line of argumentation in [19] is analytic in nature, and the proof therein invokes Catlin-D'Angelo's isometric embedding theorem.
As the statement of Theorem 1.1 involves only real polynomials, it is desirable to give a purely algebraic proof, which is what we shall do below.
We will in fact give two proofs of very different nature. Both are independent of Catlin-D'Angelo's proof in [5] , which uses compactness of the von Neumann operator on pseudoconvex domains of finite-type domains in C n and an asymptotic expansion of the Bergman kernel function by Catlin [4] .
We remark that in the case when n = 2, Theorem 1.1 follows from De Angelis' work in [6] and has been independently observed by Handelman [10] .
Our first proof of Theorem 1.1 uses the criterion of Handelman [8] mentioned above. Our second proof reduces Theorem 1.1 to the archimedean local-global principle due to the first author, in a spirit similar to [16] .
For a real form, having strictly positive coefficients is a certificate for being strictly positive on R n + \ {0}. Therefore Theorem 1.1 can be seen as a Positivstellensatz for forms q, relative to R n + \ {0}. In particular, the case where p = x 1 + · · · + x n specializes to the classical Pólya Positivstellensatz [14] (reproduced in [11, pp. 57-60] ). For any n ≥ 2 and even d ≥ 4, there are examples of degree-d n-ary real forms p with some negative coefficient that satisfy the equivalent conditions of Theorem 1.1 (see Example
below).
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A theorem of Handelman
n ] be a Laurent polynomial. Following Handelman [8] we introduce the following terminology. The Newton diagram of p is the set Log(p) := {w ∈ Z n : c w = 0}. A subset F of Log(p) is a relative face of Log(p) if there exists a face K of the convex hull of Log(p) in R n such that F = K ∩ Log(p). In particular, the subset Log(p) is itself a relative face of Log(p), called the improper relative face. Given a set F ⊆ Z n , an integer k ≥ 1 and a point z ∈ Z n , we write kF + z := {w (1) 
For a subset E of Z n and the above Laurent polynomial p we write p E := ∑ w∈E c w x w . Definition 2.1. Let p ∈ R[x, x −1 ] be a nonzero Laurent polynomial. Given a relative face F of Log(p) and a finite subset S of Z n , a stratum of S with respect to F is a nonempty subset E ⊆ S such that (i) there exist k ≥ 1 and z ∈ Z n such that E ⊆ kF + z; and (ii) whenever E ⊆ kF + z for some z ∈ Z n and some k ≥ 1, it follows that
A stratum E of S with respect to F is dominant if, in addition, the following holds: Here, for a Laurent polynomial f , by " f has nonnegative coefficients", we mean that all coefficients of f are nonnegative. As observed in [8] , the product of a suitable monomial with p F (resp. f E ) is a Laurent polynomial involving fewer than n variables (when F is proper), so that the condition (b) is inductive.
First proof of Theorem 1.1
We fix an integer n ≥ 1 and use the notation x = (x 1 , . . . , In particular, E = S is the only stratum of S with respect to the improper relative face Log(p) of Log(p), by (b). Note that this stratum is dominant for trivial reasons.
Proof. By assumption we have Log
, and let E ⊆ S be a stratum of S with respect to F J . So there exist k ≥ 1 and z ∈ Z n such that E = (kF J + z) ∩ S. By the particular shape of F we have
where w ≥ z means w i ≥ z i for i = 1, . . . , n. Therefore E ⊆ E J,β with β := z J . Note that E J,β can be nonempty only when |β| ≤ e. The proof of (b) will be completed if we show that E J,β ⊆ lF J + y holds for suitable l ≥ 1 and y ∈ Z n . To this end it suffices to observe that there exist l ≥ 1 and y ∈ Z n such that ld ≥ e, |y| = e − ld, y J = β and y i ≤ 0 for i ∈ [n] \ J. These l and y will do the job.
It remains to prove (c), so assume now that S = (Z n + ) e . Let J [n] be a proper subset, and let β ∈ Z J + be such that E J,β is nonempty (hence a stratum of S). First assume β = 0. There exist k ≥ 1 and z ∈ Z n such that 0 ≤ z J ≤ β and z J = β, such that z [n]\J ≤ 0, and such that |z| = e − kd.
On the other hand, E J,β is easily seen to be dominant when β = 0.
We now give a first proof of Theorem 1. Assuming that Lemma 3.2 has been shown, we can immediately state a stronger version of this lemma. Namely, under the same assumptions it follows that f l g actually has strictly positive coefficients for suitable l ≥ 1. Indeed, choose a form g ′ with deg(g ′ ) = deg(g) such that g ′ has strictly positive coefficients and the difference h := g − g ′ is strictly positive on We shall verify that the pair ( f , h) satisfies the conditions in Theorem 2.2. Since f has strictly positive coefficients, the only (dominant) stratum of S = Log(h) with respect to F = Log( f ) is E = S, by Lemma 3.1. Thus h E = h is strictly positive on R n + \ {0}, so that condition (a) is satisfied. Next, let J ⊆ [n] be a proper nonempty subset. Using the notation of Lemma 3.1, the only dominant stratum of S = Log(h) = (Z n + ) e with respect to the proper relative face F J of F = Log( f ) is E := E J,0 = {w ∈ S : w J = 0}, according to Lemma 3.1(c). Without loss of generality we may assume J = {r + 1, . . . , n} for some 1 ≤ r < n, where J has cardinality n − r. Then h E is a form in R[x 1 , . . . , x r ] that is strictly positive on R r + \ {0}, since h E (x 1 , . . . , x r ) = h(x 1 , . . . , x r , 0, . . . , 0) > 0 for all (x 1 , . . . , x r ) ∈ R r + \ {0}. Moreover, f F J is a form in R[x 1 , . . . , x r ] with strictly positive coefficients. By the inductive hypothesis there exists m ≥ 1 such that all coefficients of ( f F J ) m h E are nonnegative, which shows that ( f , h) satisfies condition (b). Therefore, by Theorem 2.2, there exists l ≥ 1 such that f l h has nonnegative coefficients.
Archimedean local-global principle for semirings
Let A be a (commutative unital) ring, and let T ⊆ A be a subsemiring of A, i.e. a subset containing 0, 1 and closed under addition and multiplication. Recall that T is said to be archimedean if for any f ∈ A there exists n ∈ Z with n + f ∈ T, i. such that f ≥ α 0 for every f ∈ T. We say that f ∈ A satisfies f ≥ 0 (resp.
We recall the archimedean Positivstellensatz in the following form. In a weaker form, this result was already proved by Krivine [12] . We will need to apply Theorem 4.2 below, which is a local-global principle for archimedean semirings. A slightly weaker version of this result was already proved in [3] Theorem 6.5. We give a new proof which is considerably shorter than the proof in [3] . [14] . In this case, our proof above becomes essentially the same as the proof of [14] given by Berr and Wörmann in [1] .
For the general case when deg( f ) does not necessarily divide deg(g), we need a more refined argument as follows. It is similar to the approach in [16] . Let z = (z 1 , . . . , z n ). Denote by C[z, z] the complex polynomial algebra in the indeterminates z 1 , . . . , z n , z 1 , . . . , z n . Equipped with conjugation, C[z, z] has the structure of a commutative complex * -algebra. A polynomial P ∈ C[z, z] is said to be Hermitian if P equals its conjugate P. Equivalently, P is Hermitian if and only if P(z, z) is real for all z ∈ C n . A Hermitian polynomial P ∈ C[z, z] is said to be positive on 
